ON THE PERIOD OF THE IKEDA LIFT FOR U{m,m) 
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Abstract. Let K = Q{\/~D) be an imaginary quadratic field 
with discriminant —I?, and x the Dirichlet character corresponding 
to the extension K/Q. Let m = 2n or 2n + 1 with n a positive 
integer. Let / be a primitive form of weight 2fc+ 1 and character x 
for /o(D), or a primitive form of weight 2k for SL2{Z) according as 
m — 2n, or m = 2n + 1. For such an / let Im{f) be the lift of / to 
the space of modular forms of weight 2k+2n and character det~'^~"' 
for the Hermitian modular group J"^-* constructed by Ikeda. We 
then express the period (/-m(/), Im{f)) of Im{f) in terms of special 
values of the adjoint L-functions of / twisted by the character x- 
This poves the conjecture concerning the period of the Ikeda lift 
proposed by Ikeda. 



1. Introduction 

In a joint paper with Kawamura |KK10b] . we proved Ikeda's con- 
jecture on the period of the Duke-Imamoglu-Ikeda hft. In this paper 
we prove a similar result for the period of the lift of an elliptic mod- 
ular form to the space of Hermitian modular forms constructed by 
Ikeda. This also proves Ikeda's conjecture proposed in |Ike08] with 
some modification. Let K = Q(v — D) be an imaginary quadratic field 
with discriminant —D. Let O be the ring of integers in K, and x the 
Kronecker character corresponding to the extension K/Q. For a non- 
degenerate Hermitian matrix or alternating matrix T with entries in 
K, let Ut be the unitary group defined over Q, whose group IAt{R) of 
i?-valued points is given by 

Ut{R) = {ge GLUR » K) \ 'gTg = T} 

for any Q-algebra R, where 'g denotes the automorphism of Mn{R®K) 
induced by the non-trivial automorphism of K over Q. We also define 
the special unitary group SUt over Qp by SUt = Ut ^ RK/Q{SLm), 
where Rr/q is the Weil restriction. In particular we write Ut as U^™'^ 
or U{m,m) if T = ) . For a more precise description of U^'^'' 

see Section 2. Put Pjip^ = ?7(m, m)(Q) fl GL2m{0). Let /c be a non- 
negative integer. Then for a primitive form / G @2A:+i(-ni(-D), x) Ikeda 
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|Ike08] constructed a lift hnif) of / to the space of modular forms 
of weight 2k + 2n and a character det~'^~" for rj^'^K This is a gen- 
eralization of the Maass lift considered by Kojima |Koj82| , Gritsenko 
[GriQOj . Krieg |Kri91j and Sugano |Su95j . Similarly for a primitive 
form / e &2k{SL2{Z)) he constructed a lift hn+iif) of / to the space 
of modular forms of weight 2k + 2n and a character det*'"''" for r^^^^\ 
For the rest of this section, let m = 2n or m = 2n + 1. We then call 
Im{f) the Ikeda lift of / for U{m,'m) or the Hermitian Ikeda lift of 
degree m. Ikeda also showed that the automorphic form Lift^^\f) 
on the adele group U'^'^\A) associated with Im{f) is a cuspidal Hecke 
eigenform whose standard L-function coincides with 

m 

Y[l{s + k + n-z + 1/2, f)L{s + k + n-i + 1/2, f,x), 

i=l 

where L{s + k + n — i + l/2, f) is the Hecke L-function of / and L{s + k + 
n — i + l/2,f,x) is its "modified twist" by x- For the precise definition 
oi L{s + k + n-i + 1/2, f, x) see Section 2. We also call Lift^'^^f) 
the adelic Ikeda lift of / for U{m,m). Then our main result (Theorem 

2.3) can be stated as follows: 

The period {I^{f), I^{f)) of Im{f) is expressed as 

m 

L{l,f,Ad)l[L{z,f,Ad,x'-'W,x') 

i=2 

up to elementary factor, where /, Ad, is the "modified twist" 
of the adjoint L-function of f by o,i^d L{i,x^) is the Dirichlet 

L-function for x*. 

This result was already obtained in the case m = 2, and was conjec- 
tured in general case by Ikeda |Ike08] . 

We note that Im{f) is not likely to be a theta lift except in the case 
m = 2, and therefore the method in |Ral88] cannot be applied to prove 
our main result. The method we use is similar to that in the proof 
of the main result of [KKinbj and to give an explicit formula of the 
Dirichlet series of Rankin-Selberg type associated to Im{f), and com- 
pare their residues. We explain it more precisely. In Section 3, we 
consider the Dirichlet series R{s, Im{f)) of Rankin Selberg type associ- 
ated with Imif)- For the precise definition, see Section 3. This type of 
Dirichlet series was studied by Shimura jShOO] for a classical Hermitian 
form F of weight 2k -\- 2n. In particular we can express its residue at 
2k-\-2n in terms of the period of F (cf. Proposition 3.1.) Thus to prove 
Theorem 2.3, we have to get an explicit formula of R{s, Im{f )) in terms 
of L(s, /, Ad, X*)- To get it, in Section 4, we reduce our computation 
to a computation of certain formal power series Hm,p{d; X,Y,t) in t 
associated with local Siegel series similarly to [KKlOb] (cf. Theorem 

4.4) . 
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Section 5 is devoted to the computation of them. This computation 
is similar to that in |KK10b] . but we should be careful in dealing with 
the case where p is ramified in K. After such an elaborate computation, 
we can get explicit formulas of Hm,p{d; X, Y, t) for all prime numbers p 
(cf. Theorems 5.5.2 and 5.5.3, and Corollary to Proposition 5.5.3.) In 
Section 6, by using explicit formulas for Hm,p{d; X,Y,t), we immedi- 
ately get an explicit formula of R{s, Im{f)) (cf. Theorems 6.1 and 6.2) 
and by taking the residue of it at 2k + 2n we prove the Theorem 2.3. 

We note that we can give a similar period relation for the adelic Ikeda 
lift, and can apply it to a problem concerning congruence between the 
adelic Ikeda lifts and Hecke eigenforms not coming from the adelic 
Ikeda lifts. These will be discussed in subsequent papers. We also note 
that this type of result has been already given by |Bro07j . |Kat08aj . 
[KatOSb] in Siegel modular forms case. 

Acknowledgments. The author thanks Professor T. Watanabe for giving 
him many crucial comments on the mass formula for the unitary group. 
He also thanks Professor T. Ikeda for useful discussions. The author 
was partly supported by Grant-in-Aid for Scientific Research, JSPS 

Notation. Let i? be a commutative ring. We denote by 
and R* the semigroup of non-zero elements of R and the unit group of 
R, respectively. For a subset 5 of i? we denote by Mmn{S) the set of 
(m, n)-matrices with entries in 5". In particular put Mn{S) = Mnn{S). 
Put GLm{R) = {A e Mm{R) I detA e R*}, where det A denotes 
the determinant of a square matrix A. Let Kq be a field, and K a 
quadratic extension of Kq, ot K = Kq (B Kq. In the latter case, we 
regard Kq as a subring of K via the diagonal embedding. We also 
identify Mmn{,K) with Mmn{Ko) © Mmn{Ko) in this case. If is a 
quadratic extension of Kq, let p be the non-trivial automorphism of K 
over Kq, and if = Kq © Kq, let p be the automorphism of K defined 
by p{a, h) = {h, a) for (a, h) e Kq. We sometimes write x instead of 
p{x) for X G -ft' in both cases. Let i? be a subring of K. For an (m, n)- 
matrix X = {xij)mxn write X* = {xji)nxm, sjid for an (m,m)-matrix 
A, we write A[X] = X*AX. Let Her„(i?) denote the set of Hermitian 
matrices of degree n with entries in R, that is the subset of Mn{R) 
consisting of matrices X such that X* = X. Then a Hermitian matrix 
A of degree n with entries in K is said to be semi-integral over R if 
tii^AB) E KqH R for any B G Her„(_R), where tr denotes the trace of 
a matrix. We denote by Her„(i?) the set of semi-integral matrices of 
degree n over R. 

For a subset S of M„(i?) we denote by the subset of S consisting of 
non-degenerate matrices. If 5* is a subset of Her„(C) with C the field 
of complex numbers, we denote by the subset of S consisting of 
positive definite matrices. The group GLn{R) acts on the set Her„(i?) 
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Y we write X1.Y 



in the following way: 

GLr,iR) X Her„(i?) 3 {g,A) g*Ag e Her„(i?). 

Let G be a subgroup of GLn{R). For a subset ;B of Her„(i?) stable under 
the action of G we denote hy B/G the set of equivalence classes of B 
with respect to GLn{R). We sometimes identify B/G with a complete 
set of representatives of B/G. We abbreviate B/GLn{R) as B/ ~ if 
there is no fear of confusion. Two Hermitian matrices A and A' with 
entries in R are said to be G-equivalent and write A ^ if there is 
an element X oi G such that A — A\X\. For square matrices X and 

X O 
O Y 

We put e(a;) = exp(27r-\/— Tx) for a; G C, and for a prime number p 
we denote by ep{*) the continuous additive character of Qp such that 
ep(a;) = e{x) for x e Q. 

For a prime number p we denote by ordp(*) the additive valuation of 
Qp normalized so that ordp(p) = 1, and put |a;|p = p~°''<ip(^). Moreover 
we denote by |a;|oo the absolute value of x e C. 

2. Period of the Ikeda lift for U{m,m) 

Throughout the paper, we fix an imaginary quadratic extension K 
of Q with the discriminant —D, and denote by O the ring of integers 
in K. For such a K let U^"''' = U{m, m) be the unitary group defined 

in Section 1. Put Jm — \ ^™ n^™ ) ' where 1^ denotes the unit 
matrix of degree m. Then 

u^^\q) = {M e GL^^{K) I J„,[M] = J„}. 

Put 

Let ip^ be the Hermitian upper half-space defined by 

^m = {Z e MmiC) I —)={Z - Z*) is positive definite}. 

The group ^("'^(R) acts on by 

g{Z) = (^Z + S)(CZ + L>)-i for ^ = ( ^ g ) e W^"^) (R), Z e Jg)„. 

We also put j{g, Z) = CZ + D for such Z and g. Let Z be an integer. 
For a subgroup F of F^'^^ and a character z/; of T, we denote by ^i{F, t/j) 
the space of holomorphic modular forms of weight / with character 
for F. We denote by @;(/^, ■(/') the subspacc of ^i{F,iIj) consisting of 
cusp forms. In particular, if ijj is the character of F defined by = 
(det7)"' for 7 e T, we write ^2i{F,ip) as ^^(r, det~'), and so on. 
Write the variable Z on Jg)^ as Z = X + y/-[Y with X,Y e Her^(C). 
We can identify Her^(C) with R"^ through the map X — (xij) — > 
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(xjj, Re(xjj), Im(xjj) {i < j)), and define a measure dX on Herm(C) 

2 

by pulling back the standard measure on R™ . Similarly we define a 
measure dY on Herm(C) in the same way as above. For two elements 
F, G of ©2/ (-^'''"■'5 det~'), we define the Petersson scalar product (F, G) 
by 

{F,G)= j F{Z)G{Z)det{lm{Z)y-^"'dXdY. 

We call {F, F) the period of F. Let U^"'\A) be the adelization of W^""). 
We define the compact subgroup /C = /C^™) of W(™)(A) by U^'^^A) f] 
Y[pGL2m{Op), where p runs over all rational primes. Let h = hx he 
the class number of K. Then we have 

h 
i=l 

with some subset {71,..., 7;,} of W('")(A). We can take 7^ {i = 1, ...,h) 
so that 7i = and 7i = ^ q ^-1 ^ with tj G GLm{KA)- Put 

= W("^)(Q) n 7i/C7riw('")(R)- Then for an element {Fi,...,Fh) G 
©ti Ma^r,, det-'), we define (Fi, F^f by 

(Fi, = F,{x{i))j{x, i)-2'(det x)' 

for X = wjiXK, with M G W('")(Q),x G W(™)(R),K G /C. We denote by 
M(W('")(Q)\W(™)(A),det-') the space of automorphic forms obtained 
in this way. We also put 

S2i{U^^\Q)\U^'^\A),det-') = | F, G ©2^^., det"')}. 

We can define the Hecke operators which act on the space 
M2i{U^"'\Q)\U'^"'\A),det-^). For the precise definition of them, see 

Let HeimiO) be the set of semi- integral Hermitian matrices over O 
of degree m as in the Notation. We note that A belongs to Herm(C) if 
and only if its diagonal components are rational integers and y/—DA G 
HeimiO). For a non-degenerate semi- integral matrix B over O of degree 
m, put 7(5) = (-F))[W2] clet5. 

For a prime number p put Kp = K ® Qp, and Op = O ® T^p. Then 
Kp is a quadratic extension of Qp or Kp = Qp © Qp. In the former 
case, for x G Kp, we denote by x the conjugate of x over Qp. In the 
latter case, for x = {xi,X2) with Xi G Qp, we put x = {x2,xi). For 
X E Kp we define the norm Nxp/Qpix) by Nx^/Qpix) = xx, and put 
J^Kpix) = oTdp{NKp/Qpix)), and \x\kp = \NKp/Qp{x)\p. Moreover put 

I^Ia'oo = |a^^|oo for X G C. Let Herm(Cp) be the set of semi-integral 
matrices over Op of degree m as in the Notation.® We put ^p = 1, — 1, or 
according as i^p = Qp © Qp, Kp is an unramified quadratic extension 
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of Qp, or Kp is a ramified quadratic extension of Qp. Now for T G 
Herm(Cp)^ we define the local Siegel series bp{T,s) by 

bp{T,s)= ep(tr(Ti?))p-°'^<^''('^^'(^))^ 

where fip{R) = [RO'^ + O^ : C™]. We remark that there exists a unique 
polynomial Fp{T,X) in X such that 

[(m-l)/2] [m/2] 

4 = i = l 

(cf. Shimura |Sh97] .) We then define a Laurent polynomial Fp{T,X) 
as _ 

Fp{B,X) = X°'^<^*'(^(^))Fp(T,p~"X~2)_ 

We remark that we have 

Fp{B, X-^) = {-D, -f{B))pFp{B, X) if m is even, 

^pX"^) = Fp{B, X) if m is even and p f L>, 

and _ _ 

Fp(5, X-^) = Fp{B, X) if m is odd 

(cf. |Ike08] ). Here (a, b)p is the Hilbert symbol of a, 6 G Qp . Hence we 
have 

Fp{B,X) = (-D,7(5))^-^X-°'-^''W^))Fp(T,p-™X2). 
Now we put 

= {T G Her„(ir)+ | tlpTU^p G Ife„(Op) for any p}. 

Let be a non-negative integer. First let m = 2n be a positive even 
integer and let 

oo 
N=l 

be a primitive form in <&2k+i{ro{D) , x) ■ For a prime number p not 
dividing D let Op G C such that ttp + ^ = P~^ci{p), and for 

p I D put Up = p~^a{p). Then for the Kronecker character x we define 
Hecke's L-function L{s, f, x*) twisted by as 

/ np|z)(l ~ QpP^'^^^)^^ if « is even 
I np|D(l - ttp V'+')"' if ^ is odd. 
In particular, if i is even, we sometimes write L{s, f, x*) as L{s, f) as 
usual. Moreover for i = 1, h we define a Fourier series 

UmZ)= ^ a,„(^),(T)e(tr(rZ)), 
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where 

p 

Next let m = 2n + 1 be a positive odd integer and let 

oo 
N=l 

be a primitive form in &2k{S L2{Zi)) . For a prime number p let G C 
such that ap + = p~^^^/'^a{p). Then we define Hecke's L-function 
L{s, /, x') twisted by x' as 

L{sJ,x') 

= Hiil - app-^^''-'/\ipy)il - a^'p-'^'-'/'xipY)}-'. 
p 

In particular, if i is even we write L{s, f,x^) as L{s, /) as usual. More- 
over for i = 1, h we define a Fourier series 

hn+iifUZ) = E a,,„^,(;),(T)e(tr(TZ)), 
reHS2n+i(o)+ 

where 

= \liT)\'-'/' H I det(t,,) det(t-)|;+i/2F,(t*pTt,p, a,). 

p 

Then Ikeda |Ike08] showed the following: 

Theorem 2.1. Let m = 2n or 2n + 1. Let f be a primitive form 
in @2fc+i(-^o(-D), x) or in &2k{SL2{Z)) according as m = 2n or m = 
2n + 1. Moreover let Fi he the subgroup ofU^"^'' defined as above. Then 
Im{f)i{Z) is an element of&2k+2n{ri, det~'^~"') for any i. In particular, 
Imif) ■■= Imifh an element o/e2fc+2„(r(™), det-'^""). 

This is a Hermitian analogue of the lifting constructed in |Ike01] . We 
call /„(/) the Ikeda lift of / for W^"*). 

It follows from Theorem 2.1 that we can define an element Im{f)hY 
of 52fc+2n(W('")(Q)\W("^)(A),det-'=-"), which we write Lift^'^\f). 

Theorem 2.2. Letm = 2n or2n + l. Assume that Im{f) is not identi- 
cally zero. Then Lift^""^ {f) is a Hecke eigenform m S2k+2n (U^'^KQ) \U^"'^ (A) , det"'^"") 
and its standard L-function L(s, Li ft^^'^f) , st) coincides with 

m 

Y[L{s + k + n-i + 1/2, f)L{s + k + n-i + 1/2, /, x) 

i=l 

up to bad Euler factors. 
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We call Lift^'^\f) the adelic Ikeda lift of / for W^™). 

Remark. In |Ike08] . Ikeda defined the standard L-function L(s, F, st) 
of a Hecke eigenform F in the sense of automorphic representation the- 
ory, and therefore gave an explicit form of the Euler factor of the stan- 
dard L-function of Lift^"^\f) only for good primes. However, we will 
define another L-function £(s, F, st) following [ShOO] in Subsection 5.2. 
It coincides with L(s, F, st) up to Euler factors at ramified primes, and 
in particular we have 

m 

C{s, Lift^^\f), st) = J] L{s+k+n-i+l/2, f)L{s+k+n-z+l/2, /, x). 

1=1 



To state our main result, put 
and 

We note that 

Tc{s) = 2(27r)-T(s). 

For an integer i let L(s, x*) = C{^) or L{s, x) according as i is even or 
odd, where ({s) and L(s, x) are Riemann's zeta function, and Dirichlet 
L-function for x, respectively, and put 

A{s,x') = rcis)L{s,x'). 

For a primitive form / in @2A:+i(Lo(i5), x), we define the adjoint L- 
function L(s, /, Ad) and its twist L(s, /, Ad, x) by x as 

L(.,/,Ad) = n{(i-«px(p)p-i(i-<x(p)p^i(i-p-^)}-'n(i-p")"'' 

p\D p\D 

and 

L(.,/, Ad,x) = - «>-^)(i - - x{p)p-')}-' 

xn{(i-"Jp"^)(i-«;V^)r'- 

p\D 

For a primitive form / in @2fc(>S'L2(Z)), we define the adjoint L-function 
L(s, /, Ad) and its twist L(s, /, Ad, x) by x as 

L(s,/, Ad) = n{(i - «y )(i - s v^)(i -p-^)}-\ 

p 

and 

L(s, /, Ad, x) = n{(l - «pX(p)p-^)(l - <X(P)P"^)(1 - X(P)P"^)}"'. 
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Let / be a primitive form in @2A;+i(-^o(-D), x) or in @2fc('S'^2(Z)) ac- 
cording as m — 2n or m — 2n + 1. We then put 

He f AH vM - / -^'"^^^ ^ 
i.[s, /, Aa, X J - I ^(^^ . .g 

Moreover put 

A(s, /, Ad, xl = rc(s)rc(s + / - l)L{s, f, Ad, xO, 

where I = 2k + 1 or I = 2k according as / G @2A:+i(-ro(-D), x) or 
/ G @2fc(>S'L2(Z)). Let Qd be the set of prime divisors of D. For each 
prime q E Qd, put = qiO'^dq(D) define a Dirichlet character Xq by 



X9(«) 



X(a') if (a, g) = 1 
if q\a 



where a' is an integer such that 

a' = a mod Dg and a' = 1 mod DD^^. 

For a subset Q of Qd put xq = HgeQ and Xq = IlgeQD.g^Q Xg- Here 
we make the convention that xq = 1 and Xg = X if Q is the empty set. 
Let 

oo 

/(^) = X!c/(m)e(m^) 

m=l 

be a primitive form in @2fe+i(-^o(-D), x)- Then there exists a primitive 
form 



such that 
and 



m=l 

c/q(p) = XQ{p)cf{p) for p ^ g 



Then our main result in this paper is: 



Theorem 2.3. (1) Let m = 2n be a positive even integer. For a 
primitive form f in @2fe+i(-n)(-D), x); have 

{hnif), hnU)) 

2n 2n 
^2-4nfc-4n^-4n+1^2„fc+5n^-3n/2-l/2^^(^)-QX(^, /, Ad, X^-^) J] A(^, xO, 

1=1 i=2 

where 

vnif) = E XQii-m- 

QcQo 
fQ=f 
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(2) Let m = 2n + 1 be a positive odd integer. For a primitive form f 
in ®2fc(5'-L2(Z)), we have 

/2n+l(/)) 

2n+l 2n+l 

^ 2-2(2n+l)/c-4n2-6n-1^2n/c+5n2+5n/2 "Q ^^^^ Ad, x'"') J] Xl ■ 

i=l i=2 



Remark. In |Ike08] Ikeda showed that Im{f) is identically zero 
if and only if m = 2n and r]n{f) = 0. Therefore the above theorem 
remains valid even if Im{f) is identically zero. 

This type of result was conjectured by Ikeda jlkeOSj . When m = 2, 
by using the result of Sugano [Su95j, Ikeda jlkeOSj has been already 
proved that 



r/i(/)2-^'^-^D^'=+^A(2)A(l, /, Ad)A(2, /, Ad, x)- 



if, f) 

His conjecture holds true up to a power of D. In fact, he conjectured 
that integer powers of D should appear on the right-hand sides of the 
above formulas. However, half-integer powers of D appear in some 
cases as shown in the above theorem. 

Now put 

L(.,/,Ad,x)- (KT) 

for i = 1 , . . . , m 

L(2z,x'0=A(2^,x'0, 

and 

L(2i -I- 1, = A(2i + 1, ;^2i+l)^2i+l/2 

for an integer i > 1. We note that 

Mi,/,Adj-| 22/c if / G @2.(5^2(Z)). 

Moreover we have f]n{f ) = 1, 2 or 4. Hence we obtain the following: 
Theorem 2.4. Let the notation be as above. Then we have 

iUf), Uf)) 



hX 



i=2 

j-,2nk+An^-n + if m = 2n 

^2nfc+4n2+„ if m = 2n + 1, 

where Pn,k is an integer depending on n and k. 
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It is well known that L(i, is a rational number for any positive 
integer i. Moreover L(z, /, Ad, x*^^) is an algebraic number and belongs 
to the Hecke field Q(/) for i = 2,....,k' where k' = 2/;; or 2fc — 1 
according as if m is even or odd (cf. Shimura |Sh97j . |ShOO] .) Thus we 
have 



Theorem 2.5. In addition to the above notation and the assumption, 
assume that m < 2k or m < 2k — 1 according as m is even or odd. 

Then ^ ^^J)'' j^^f)) algebraic, and in particular it belongs to Q,{f)- 
if, ir 



3. Rankin- Selberg convolution product 

To prove Theorem 2.3, we rewrite it in terms of the residue of the 
Rankin-Selberg convolution product of /m(/)- Let 

F{z) = aF(^)e(tr(A2) 

AeHS„(C') + 

be an element of &2i{r''"^\det~''). We then define the Rankin-Selberg 
series R{s, F) for F by 



D/, sr aF{A)aF{A) 

^ ' ' _ ^ {det Ay e*{Ay 

AenermiO) /SLr,{0) 

where e*{A) = G SU{0) \ g*Ag = A}). 

Proposition 3.1. Put 

^ ^ 2'^-^--'UT=2L{^,r^') 

- jjmim-i)/2 ji^-i L(2m - 1, r) UT=i rc(^)rc(2/ - Z + 1) ' 

Let F G &2i{r''^\ det~^) . ThenR{s,F) is holomorphic in s forIie{s) > 
21. Moreover it can be continued to a meromorphic function on the 
whole s -plane, and has a simple pole at s = 21 with the residue Rm{F, F). 



Proof. The assertion can be proved by a careful analysis of the proof of 
|ShOO] . Proposition 22.2]. However, for the convenience of the readers 
we here give an outline of the proof. We define another Rankin-Selberg 
series R{s, F) for F by 



R{s,F)= Yl 



aF{A)ap{A) 
{det Aye{A)' 
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where e{A) = #({51 G 01^(0) \ g*Ag = A}). Remark that 

R{s,F) = i^{0*)R{s,F). 
We define the non-holomorphic Eisenstein series E2i{Z,s) for r^*") by 
E^iiZ.s) = (detlm(Z))^ ^ \j{M,Z)r'% 

where = {(^^ ^ ^ g r("^)}. Then by using; the same argument 
as in Page 179 of |ShOOj . we obtain 

^^^'^^ ~ #(0*)vol(Her„(C)/Her„(0))f„(s)(47r)— « 
y F{Z)l\Z)\m{Zf^E2i{Z, S-21 + m)(det F)2'-2™rfXrfy, 



X 

r("')\Jg), 



where vol(Herm(C)/Herm(C)) is the volume of Herm(C)/Herm(C) with 
respect to the measure dX, and 

m 

f^(s) = 7r-(— i)/2j]r(s-z). 

j=i 

By [ |Sh97] .Theorem 19.7], E2i{Z,s — 2/ + m) is holomorphic in s for 
Re(s) > 21. Moreover it has a meromorphic continuation to the whole 
s-plane, and has a simple pole at s = 2/ with the residue of the following 
form: 



vol(Her^(C)/Her„(0)) YlT=i L{2m - z, r) 
We note that 

vol(Her^(C)/Her^(C)) = 2'"(i~")/2|Z}p('""i)/4. 

Thus we prove the assertion. □ 

4. Reduction to local computations 

To prove our main result, we give an explicit formula for R{s, Im{f))- 
To do this, we reduce the problem to local computations. Throughout 
the rest of this paper, let Kp be a quadratic extension of Qp or Kp = 
Qp © Qp- In the former case let Op be the ring of integers in Kp, and 
fp the exponent of the conductor of Kp/Qp, and put Cp = fp — 62,p, 
where S2,p is Kronecker's delta. In the latter case, put Op = Zp Q) Zp, 
and Cp = fp = 0. Moreover put Herm(Cp) = p'^''B.eYm{Op). We note 
that Herm(Cp) = Herm(Cp) if Kp is not ramified over Qp. Let K be an 
imaginary quadratic extension of Q with the discriminant —D. We then 
put D = YIpIdP"", and Herm(C) = DReimiO). Now let m and / be 
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positive integers such that m > I. Then for an integer a and Hermitian 
matrices A and B of degree m and / respectively with entries in Op put 

Aa{A,B) = {Xe Mmi{Op)/p''MUOr>) I A[X] -Be p'^R^niOp)}, 
and 

Ba{A,B) = {Xe Aa{A,B) I ranko,/po,X = /}. 

Assume that A and B are non-degenerate. Then the number p"'^~^"^''~^'-^^ ^Aa{A, B) 
is independent of a if a is sufficiently large. Hence we define the local 
density ap{A, B) representing i? by A as 

ap{A,B) = hm p'^^-^^'+'"^Aa{A, B) . 

a—KX> 

Similarly we can define the primitive local density Pp{A,B) as 
Pp{A,B) = lim 

a—^OD 

if A is non-degenerate. We remark that the primitive local density 
f3p{A, B) can be defined even if B is not non-degenerate. In particular 
we write ap{A) = ap{A,A). We also define Vp{A) as 

Vp{A) = lim p-''"^'#(T,(A)), 

a— >oo 

where 

T,{A) = {Xe M^i{Op)/p''Mrra{Op) \ A[X] -Be p^Her^Op)}. 
The relation between ap{A) and Vp{A) is as follows: 

Lemma 4.1. Let A e Herm((9p)^. Assume that Kp is ramified over 
Qp. Then we have 

Otherwise, ap{A) = Vp{A). 

Proof. The proof is similar to that in [Kitaoka [Kit93j . Lemma 5.6.5], 
and we here give an outline of the proof. The last assertion is trivial. 
Assume that Kp is ramified over Qp. Let be a complete set of 

representatives of T' e Herm(Cp) such that T' = T mod p^'^'^pReYmiOp) . 
Then it is easily seen that 

I = [p'R^TmiOp) : /+^''Her^(Op)] =p™("-i)^-/l 

Define a mapping 

I 

0:UT,+e,(T,)^A(r,r) 

i=l 

by (f){X) = X mod For X e T) and Y e M^{Op) we have 

T[X + p~'Y] = T[X] mod 

Namely, X + p'^Y belongs to Tr+ep{Ti) for some i and therefore is 
surjective. Moreover for X e Ar(T,T) we have #(0~^(X)) = p^m^ep^ 
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For a sufficiently large integer r we have #T^_|_ep(Tj) = j^Tr+ep{T) for 
any i. Hence 

I 

1=1 

= p'^^'^-^MT: T) = p-'^-#A+e,(r, T). 

Recall that Cp — fp — 52,p- Hence 

This proves the assertion. □ 



For T e Her^(ii:)+, let Q{T) denote the set of S'L^(C')-cquivalence 
classes of positive definite Hermitian matrices T' such that T' is SL^{Op)- 
equivalent to T for any prime number p. Moreover put 

E ^ 

for a positive definite Hermitian matrix T of degree m with entries in 
O. 

Let U\ be the unitary group defined in Section 1. Namely let 
U\ = {u ^ Rk/ci{GLi) I uu = 1}. 
For an element T e Her^(Op), let 

U^T = {detX I X e Wt(Op)}. 
Then C/p T is a subgroup of C/i_p of finite index. We then put Ip^x — 



Proposition 4.2. Let T e Her^(e))+. T/ien 

detT"* ni^sPP^TcW 



M*(T) 



2m-^-nQu)L{l,x)Y[Jv,TVp{T)- 



Proof. The assertion is more or less well knwon. But for the sake of 
completeness we here give an outline of the proof. Let M{m) be the 
affine space of all m x m matrices defined over K, and Her^ = {X e 
M{m) I X* — X}, We then define a measuer uj' on Ut by 

Lo\x) = dXm{x)/dam{x*Tx), 



where 



and 



dXm{x) = Al<i,j<mdXij, X = (Xij) G RK/Q{M{m)), 
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We also define a measure uj on SUt by 

uj = u'/dt, 

where dt is the measure on Ui normalized so that 

\dt\p = Up, 

where 

1 + p^^ if Kp/Qp is unramified 



Up= < 1 - p if Kp = Qp ® Qp 



2 if Kp/Qp is ramified. 

We recall that the Tamagawa number of SUt is 1 (cf. Weil |We82] ). 
Hence by using the standard method we can prove the following mass 
formula for the SUt- 

j l^loo JJ j \^\p = 1- 

Then by the strong approximation theorem for SLm, we have 

SUt(Ooo) 

On the other hand we have 

Vp(T) = j \uj'\p = j \uj\p j \dt\p = Upl~}p j \uj\p. 

Ut{Op) SUt (Op) SUriOp) 

We note that the infinite product np<oo '^p conditional convergent 
and is equal to 2*^^°^L{l,x)~^- This completes the assertion. 

□ 



Corollary. Let T e Her^(C)+. Then 

2com^ det T'" 11^2^0(0 



M*{T) 



2m~l-#{QD)L{l, ;^)/}m(m+l)/4+l/2 JJ^ Ip ^apiT) ' 

where Cd = ^ or according as 2 divides D or not. 

For a subset T of Op put 

Her^(r) = Her„(Cp) n M„(r), 

and for a subset S of Op put 

Her„(5, T) = {A e Her„(r) | det A G 5}, 

and Herm(iS, T) = Herm(i5, T) fl Herm(Cp). In particular if S consists 
of a single element d we write Herm(5, T) as Herm(c?, T), and so on. 
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For d G Z>o we also define the set Yieirnid-, O)^ in a. similar way. For 
each T G Herm(Op)^ put 

and 

FW(T,X) = Fp(p-^-T,X). 

We remark that 
For do e Zp put 



^m,p{do, X,Y) — 



Fi''\A,X)Fi,'\A,Y) 



A&Rerm{dQp',Op)/SL^{Op) 

An explicit formula for Xm,p{do, X, Y) will be given in the next section 
for (io e Z*. 

Now let Her^ = Y[p0^^^m{Op)/ SLm{Op)). Then the diagonal em- 
bedding induces a mapping 

: R^Tm{0)/l[SLUOp) ^ H^^. 



Proposition 4.3. /n addition to the above notation and the assump- 
tion, for a positive integer d let 

^Ud) = l[{R^TUd,Op)/SLUOp)). 



Then the mapping (f) induces a bijection from Herm((i, O) / Yip SLm{Op) 
to Herm(rf), which will be denoted also by (p. 

Proof. The proof is similar to that of [ |IS95] . Proposition 2.1], but we 
have to consider more carefully because the class number of K is not 
necessarily one. It is easily seen that is injective. Let (xp) G Herm((i). 
Then by the Hasse principle for Hermitian forms, there exists an ele- 
ment y in B.eTm{K)~^ such that Xp = QpVgp with some gp G GLm{Kp) 
for any prime number p. For p not dividing Dd we may assume gp G 
GLmiOp). Hence {gp) defines an element of RK/Q{GLm){A.)nWp^^ GLm 
Since we have det yd~^ G fl Hp ^Kp/Qp{Kp), we see that det yd~^ = 
Nx/q{u) with some u G . Thus, by replacing y with ( ^"^^ ) ?/ ( 
we may assume that dety = d. Then we have Nxp/Qpidet gp) = 1. It 
is easily seen that there exists an element 6p G GLm{Kp) such that 
det^p = det^fp^ and 5*Xp5p = Xp. Thus we have gp6p G SLm{Kp) and 

Xp = {gpSp)*ygpSp. 
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By the strong approximation theorem for SL^ there exists an element 
7 e SLm{K) and (7^) e \[pSLm{Op) such that 

{Qp^p) = (7p)7- 

Put X = Yyi- Then x belongs to B.eYm{d, C)"*", and = (xp). This 
proves the surjectivity of 0. □ 



Theorem 4.4. Let f be a primitive form in <S2k+i{ro{D) , x) or in 
<&2k{S L2{Z)) according as m = 2n or 2n + 1. For such an f and a 
positive integer d^ put 



O-mif] do) — Y\ ^m,p{do, ttp, I 
P 

where ap is the Satake p-parameter of f. Moreover put 



f^m,k,D 



jjm{s-2k+lo)+{2k~lo)[m/2]-m(m+l)/4-l/2 2-com{s-2k-2n)-m+l+#(Qn) 



m 
1=2 



where Iq = or 1 according as m is even or odd. Then for Re(s) >> 0, 
we have 



R{S, Imif)) = fJ'm,k,D ^ amif; C?o)4 



s+2fc+2rt-l 





do = l 

Proof. We note that /„(/)) can be rewritten as 



y ^ rnKjjj ^ ^ e* T detT^ 

rgHer™(0) + /SL™(0) 

For T e Herm(0)^ the Fourier coefficient aj^(^f){D^^T) of Im{f) is 
uniquely determined by the genus to which T belongs, and can be 
expressed as 

\aj^^f^{D''T)\' = (D['"/2l5-"^detT)2'=-'o J]Fp(°)(T,a,)Ff (T,a^). 



Thus the assertion follows from Corollary to Proposition 4.2 and Propo- 
sition 4.3 similarly to |IS95] . □ 
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5. Formal power series associated with local Siegel 

SERIES 

For do e put 

oo 

Hrr^Ado, X, Y,t)^Yl Kn,p{p'd^. X, Y)f, 
where for d E we define Aj^ p(p'do, X, Y) as 

Ae}ierm(dNK^/cipiO*p),Op)/GL^{Op) ^ 

We note that we have 

Xl^^{d,X,Y)^X^,,{d,X,Y) 
for d G (cf. Proposition 5.5.1), and therefore 

oo 

Hm,p{do, X, Y,t)^Yl ^rnAP'do, X, Y)f . 

i=0 

In this section, we give explicit formulas of H^^p{do, X, Y, t) for all prime 
numbers p (cf. Theorems 5.5.2 and 5.5.3.) 

From now on we fix a prime number p. Throughout this section we 
simply write ordp as ord and so on if the prime number p is clear 

from the context. Wc also write as i/. We also simply write Her^^p 

instead of RermiOp), and so on. 

5.1. Preliminciries. 

Let m be a positive integer. Let Kp be a quadratic extension of 
Qp, and be a prime element of Kp. For a non-negative integer i < 

m let Vm,i = GL^iOp) ^""^ ) GLUOp), and for W E V 

put np(W) = (-l)Wx,/Q,(w)*(^-i)/2. Let Kp = Qp (B Qp. Then for 
a pair i = {ii,i2) of non-negative integers such that ii,i2 < ni, let 

V^,. = GLUO,) (( \-" p° _ ) . ( \" )) GLUO,). and 

for W e Vm,i put TTp{W) = (-iyi+i2phiil-l)/2+i2ii2-l)/2^ gj^l^g^ pg^gg 

Kp is a quadratic extension of Qp, or Kp — Qp®Qp, we put T^piW) — 

iorW eM^{0;)\[jZoV^,i. 

For non-degenerate Hermitian matrices S and T of degree m, we put 

ap{S,T;i) =2-' lim p-"'''Ae{S,T;i), 

e — >oo 

where 

Ae{S,T;i) ^{Xe M^{Op)/p^M^{Op) e Ae{S,T) \ X e V^,,}. 
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First we remark the following lemma, which can easily be proved by 
the usual Newton approximation method in Op-. 

Lemma 5.1.1. Let A, B E B.erm{Op)^ . Let e be an integer such that 

p'^A~^ G B.eTm{Op). Assume that A = B mod p'^'^^B.eTmiOp). Then 
there exists a matrix U G GLm{Op) such that B = A[U]. 



Lemma 5.1.2. Let S G Herm(Cp)^ and T G Her„(Cp)^ with m > n. 
Then 

ap{S,T)= J2 p^"-"'^"^'^*^'^^/3p(5,T[iy-i]). 

vyeGL„(cip)\Af„(c»p)x 

Proof. The assertion can be proved by using the same argument as in 
the proof of [ |Kit93] . Theorem 5.6.1]. We here give an outline of the 
proof. For each W G Mn{Op), put 

Be{S,T; W) = {X e Ae{S,T) I XW-^ is primitive}. 

Then we have 

Ae{S,T)= □ B,{S,T;W). 

W&GL„{Oj,)\M„(Opy 

Take a sufficiently large integer e, and for an element W of M„(0p), let 
{RiYi=i be a complete set of representatives of p'^Herm(Cp) [Vr~^]/p'^Herm( 
Then we have r = p<<^^^w)n_ p^^ 

B,{S,T- W) = {Xe M^^{Op)lp'Mmn{Op)W \ S[X] = T modp^Ife^(0, 

and XW~^ is primitive}. 

Then _ 

T)) = T; W). 

It is easily seen that 

S[XW-^] = T[W~^] + Ri mod /Her„(Op) 
for some i. Hence the mapping X XW~^ induces a bijection from 

r 

Be{S,T- W) to \_\Be{S,T[W-^]+Ri). Recall that v{W) < ord(detT). 
1=1 

Hence 

i?, = Omod p[^/2]Her^(C)p), 
and therefore by Lemma 5.1.1, 

T[W-^]+Ri = T[W-^][G] 
for some G G GLn{Op). Hence 

#(Se(5, T; W)) = p'^('i<'*^)"#(i3e(^, T[W-^]). 

Hence 
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WeGL„(Op)\M„{Op)x 

This proves the assertion. 

□ 

Now by the inversion formula for TTp we obtain 
Corollary. Under the same notation as above, we have 

WeGLn{Op)\M„{Op)x 



For two elements A, A' G Herm(0p) we simply write A ^GLm(Op) ^' 
as A A' if there is no fear of confusion. For a variables U and q put 

m 

We note that 0m(?) = ni^i(l ~ Moreover for a prime number p 
put 

'Prnio^) if Kp/Qp is unramified 

0m,p(g) = <( 0m (g)^ if i^p = Qp © Qp 

i)m{<l) if iiTp/Qp is ramified 



Lemma 5.1.3. (1) Let Q{S,T) = {w e M^{Op) \ S[w\ - T}, and 
VL{S, T; i) = Q{S, T) fl Vm,i- Then we have 

ap(r) 

anc? 

Q;p(T) 

^ (2) Let n{S,T) = {w e MraiZ) \ S - T[w-^]}, and ^l{S,T]i) = 
0(5', T) n Vjn^i. Then we have 



apjS, T) 
ap{S) 

and 

ap{S,T;i) 



ap{S) 



^{GLrn{Op)\Q{S,T-i)). 
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Proof. (1) The proof is similar to that of Lemma 2.2 of |BS87j . First 
we prove 

\dx\ = (f)m,p{p ) 77^, 

ap{T) 
n(s,T) 

where \dx\ is the Haar measure on Mm{Kp) normahzed so that 



\dx\ = 1. 

Mm{Op) 

To prove this, for a positive integer e let Ti, T; be a complete set of 
representatives of {^[7] mod | 7 G GLm{Op)}. Then it is easy to see 
that 



n{s,T) 

and, by Lemma 5.1.1, Tj is G'Lm( Op) -equivalent to T if e is sufficiently 
large. Hence we have 

#(A(5,T,)) = #(A(5,T)) 
for any i. Moreover we have 

Hence 

_^ ap{S, T) 



j \dx\ = lp-^'^"'i^{Ae{S,T)) = ct)m.AP 

n(s,T) 

which proves the above equality. Now we have 



ap{T) 



n(s,T) 



\dx\= J2 |detiy|^^= J2 IdetP^detPF 

W€niS,T)/GL„,{Op) W&n{S,T)/GL„^{Op) 



Remark that for any W G n{S, T) /GL^{Op) we have | det IVdet W\p = 
^-m(ord(dctT)-ord{dets))_ jhus the assertiou has been proved. 
(2)By Lemma 5.1.2 we have 

ap{S,T)= Yl MS,T[W-']). 

weGLm(Op)\n(s,T) 

Then we have /3p{S,T[W~^]) = ap{S) or according as 5* ~ T[11/^^] 
or not. Thus the assertion (2) holds. □ 



We define a reduced matrix. A non-degenerate square matrix W = 
{dij)mxm with entries in Zp is said to be reduced if da = p^' with 
a non-negative integer, dij is a non-negative integer such that dij < 
p^^ — 1 for i < j, and dij = for i > j. Let Kp = Qp © Qp. Then an 
element W = (1^1,1^2) of M„(Cp)^ with Wi,W2 e M^(Zp)^ is said 
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to be reduced if Wi and W2 are reduced. Let Kp be an unramified 
quadratic extension of Qp, and 9 be an element of Op such that Op — 
Tip + TipQ. Then a non-degenerate square matrix W — (rfij)mxm with 
entries in Op is said to be reduced if da = p*^' with Cj a non-negative 
integer, dij = d^^j^ + d^^^O with d^^j'*, ci^^'' non-negative integers such that 

dlf,d[f < — 1 for i < j, and d^ = for ? > j. Let i^p be a 
ramified quadratic extension of Qp, and Cc7 be a prime element of Kp. 
Then a non-degenerate square matrix W — {dij)jnxm with entries in 
Op is said to be reduced if da = w^^ with a non-negative integer, 

di^ = d^]^ + df}w with 4]\ df} non- negative integers sucth that df} < 

p[(e.+i)/2] _ 1, < 4f < - 1 for i < j, and dij = for i > j. 

In any case, we can take the set of all reduced matrices as a complete 
set of representatives of GL^(Op)\M^(Op)^. Let m be an integer. For 

B e Herm(Cp) put 

h{B) ^{We GL^{Kp) n M^{Op) I B[W-'] e E^r^iOp)}. 

Moreover put Q{B,i) — Q{B) Pi Vm.i- Let r < m, and ■?/'r,m be the 
mapping from GLj.{Kp) into GL,n{Kp) defined by ipr,m{W) = Im-r-LVF. 

It is well known that we can take the set of all reduced matrices as 
a complete set of representatives of GLjn{Op)\Mm{Op)^ . Let m be an 
integer. For B G Hcr„i(Cp) put 

n{B) ^{We GL^{Kp) n M^{Op) I B[W-'] e B^r^iOp)}. 

Moreover put 0.{B,i) = 0.{B) fl Vj^.i- Let r < m, and ■0r,m be the 
mapping from GLr{Kp) into GLm{Kp) defined by il^r,m{W) — Im-r-LVK 
For a subset T Op, we put 

Her„(r)fe = = (oij) e Her^(r) | an e p*^Zp}. 
From now on put 

{Her„,(Cp)i if p = 2 and /p = 3, 
Her^(G70p)i if p = 2 and /p = 2 
Herm(Cp) otherwise, 

where Cc7 is a prime element of Kp, and ip = or 1 according as p = 2 
and /2 = 2, or not. Assume that Kp/Qp is unramified or Kp = Qp Q) 
Qp. Then an element B of Her^(Op) can be expressed as B ^GLm{Op) 
lr-i-pB2 with some integer r and B2 G Her^_r,*(Op). Assume that 
Xp/ Qp is ramified. For an even positive integer r define 6^ by 
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where w is the conjugate of over Qp. Then an element B of ReimiOp) 
is expressed as B ^GLm{Op) Qr-^P^''B2 with some even integer r and 
B2 G lleTm-r,*{Op). For these results, see Jacobowitz jJac62] . 

Lemma 5.1.4. (1) Assume that Kp is unramified over Qp or Kp = 
Qp © Qp. Let Bi G Herm,_„Q(Cp). Then ipm-no^m induces a bijection 
from GLm-no{Op)\Q{pBi) to GLm{Op)\Q{lno-LpBi) , which will be also 
denoted by tpm-no,m- 

(2) Assume that Kp is ramified over Qp and that uq is even. Let Bi G 
Her„_„o(Op). Thenip^_no,m induces a bijection from GLm-no{C>p)\^{p'''Bi) 
to GLm{Op)\fl{Qno-^P^'' Bi) , which will be also denoted by ipm~no,m- 
Here ip is the integer defined above. 

Proof. (1) Clearly ipm-no,m is injective. To prove the surjectivity, take 
a representative D of an element of GLm{Op)\fl{lno-i-pBi) . Without 
loss of generality we may assume that ly is a reduced matrix. Since we 

have {lno±pBi)[W~'] G H^(Op), we have W = (^^^' with 

Wi G Q{pBi). This proves the assertion. 

(2) The assertion can be proved in the same manner as (1). □ 



Lemma 5.1.5. Let B G Herm((9p)^. Then we have 

ap{p'dB) = p"™'ap(5) 
for any non-negative integer r and d G Z*. 

Proof. The assertion can be proved by using the same argument as in 
the proof of (a) of Theorem 5.6.4 of Kitaoka [Ki2]. □ 

Now to prove an induction formula for local densities different from 
Lemma 5.1.2, we use the terms of Hermitian modules. Let M be Op 
free module, and let 6 be a mapping from M x M to Kp such that 

h{\iu + A2M2, v) = Ai6(mi, v) + A2&(-U2, v) 

for u,v E M and Ai, A2 G Op, and 

b{u, v) = b{v, u) for u,v & M. 

We call such an M a Hermitian module with a Hermitian inner product 
b. We set q{u) = b{u, u) for u E M. Take an Cp-basis {ui}^i of M, and 
put Tm = {b{ui,Uj))i<ij<m- Then Tm is a Hermitian matrix, and its 
determinant is uniquely determined, up to Nxp/QpiO*), by M. We say 
M is non-degenerate if det Tm 7^ . Conversely for a Hermitian matrix 
T of degree m, we can define a Hermitian module Mt so that 

Mt = OpUi + OpU2 ■■■ + OpUm 
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with {b{ui,Uj))i<ij<rn = T. Let Mi and M2 be submodules of M. We 
then write M = MiXMg if M = Mi + M2, and = for any 

u e Mi,v e M2. Let M and be Hermitian modules. Then a homo- 
morphism a : A?" — )■ M is said to be an isometry if a is injective and 
b{a{u),a{v)) = b{u,v) for any u,v G N. In particular M is said to be 
isometric to N ii a is an isomorphism. We denote by U'^^^ the group of 
isometries of M to M itself. For Hermitian modules M and N over Op 
of rank m and n respectively, put 

A'^(N, M)^{a:N^ M/p^'M \ q(a(u)) = q(u) mod 

and 

B'^(N, M) := {(7 e A!^{N, M) I (7 is primitive}. 

Here a homomorphism cr : — > M is said to be primitive if induces 
an injective mapping from N/pN to M/pM. Then we can define the 
local density ot'^^N, M) as 

a'(N,M) = lim p-"(2"»"-"')#(^;(Ar, M)) 

a— ^-oo 

if M and arc non- degenerate, and the primitive local density Pp{N, M) 
as 

I3'JN,M) = lim p-"(2"^"-"')#(B;(Ar,M)) 

a— >oo 

if M is non-degenerate as in the matrix case. It is easily seen that 

ap{S,T) = a'p{MT,Ms), 

and 

/3p{S,T) = /3;{MT,Ms). 

Now let L be a submodule of M isometric to A'". Take a basis {vi}2=i 
of N, and put 

A'^{N,M;L) = {a e A'^{N,M) \ a satisfies the condition (*L)}, 
where the condition is 

(*L) : there exists an isometry rj : M — > M and v[, ...,v!^ G M such 
that 

rj(L)^Opv[ + --- + Opv'^ 

with 

v'i = a{vi) mod p"M. 

We note that the condition (*L) is independent of the choice of v[, v'^ 
if a is sufficiently large. Moreover the number p~"(^"*"~"^)#(>l^(A^, M; L)) 
is independent of a if a is sufficiently large. Hence we define CKp{N, M; L) 
as 

a'p{N,M-L)= lim p-"(2"')#K(iV, M; L)). 
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Lemma 5.1.6. Let M and N be non- degenerate Hermitian modules 
of rank m and n respectively. Assume that N — A^i_LA^2 with Ni,N2 
submodules of N of rank Ui and n2, respectively, and let {L^Y-^^ be a 
complete set of submodules of M isometric to Ni which are not trans- 
formed into each other by isometrics of M. Moreover for a submodule 
L of M put 

V'^{N2, M- L) = {a e A:SN2, M) \ b{L, ^(iVs)) = mod p'^w'^}. 
Then 

I 

M)) = J2 M; L,)mV',{N2, M; L,)) 

i=l 

if a is sufficiently large. 

Proof. For a sufficiently large e, we can define a mapping (p : ^^(A'^i, M) 3 
(7i !->■ (f){ai) e U']^ such that 

0(ai)(ai(iVi)) = L, 

for some i as follows: For cti e A'g{Ni, M), we can take a homomor- 
phism ai : A^i — > M such that 5i mod p^ — ai. Then A^i is isometric 
to ai(A^i) when e is suffiently large. Hence there is an element a G U'^ 
such that a{ai{Ni)) = Lj for some i. Put 0(o"i) = a. Then satisfies 
the required property. Now for a e Ae{N, M), put 

ai^a\Ni e A',{Ni,M) 

and 

Then the fact that b(Ni, N2) = implies 

b(a(Ni), a(N2)) = mod p^'w''', 

and hence 

6(0(ai)(a(iVi)),0(ai)(a(iV2))) = mod fuj^'^. 
Remarking that 0((Ti)((T(iVi)) = Lj for some i we obtain 

6(Li,(72(A^2)) ^OmodpW^ 
We then define a mapping 

s 

rj : A',{N, M) □(^U^i, M- L,) x V'^{N2, M; L,)) 

i=l 

by ^7(0") = (ci, C2) as above. Clearly rj is injective. For a given (cxi, a2) G 
^^(A^i, M; X P;(A^2, M; Li), we define a e ^',(A^, M) by (7|A^i = ai 
and (7|iV2 = 0(<7i)^o"2- Then ?7((7) = (cri,(72), and hence 77 is bijective. 
Thus the assertion has been proved. □ 
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Lemma 5.1.7. Let Ni and M be non- degenerate Hermitian modules, 
and o G Homc)p(A''i, M) . Suppose that T/v^ = Om with ui even, or 
T/Vi = Ini according as Kp is ramified over Qp, or not, and that 

q{(y{x)) = q{x) mod p^^^^Op for x e Ni 

for a sufficiently large a. Then there exists an isometry rj : Ni — )■ M 
such that 

r]{Ni) = a{Ni) and ri{x) = a{x) mod p''p~^''a{Ni) for x G A^i. 

Proof. The assertion can be proved by using the same argument as in 
the proof of [ |Kit93j . Corollary 5.4.2]. □ 



Lemma 5.1.8. Let N = Ni±N2 and M = MiXMs where Ni, N2, Mi, M2 
are non- degenerate Hermitian modules. Suppose that T/v^ = Qm with 
rii even, or Tj^^ = according as Kp is ramified over Qp, or not. 
Moreover suppose that Ni is isometric to Mi. Then 

MA:{N,M)) = 4^{A',{NuMM{A',{N2,M2)) 

if a is sufficiently large. 

Proof. By assumption there exists at least one submodule Mi of M 
isometric to A^^i. Let L be a submodule of M isometric to A^i. Then 
we have M = LJ^L-^, and M2 is isometric to L-^. Hence there exits an 
isometry rj : M — > M such that rj\Mi = L. Hence by Lemma 5.1.6. 

#K(iV,M)) = #K(iVi,M;Mi))#K(iV2,M2)). 

First we will show 

#K(iVi,M;Mi)) = #(^;(iVi,M)) 

if a is sufficiently large. To prove this, let {uj}[^i be a basis of Ni. 
Let a G A'^{Ni, M). Then, by Lemma 5.1.7, there exits an isometry 
a : Ni — y M such that cr{Ni) = a{Ni), and we have 

a{Ni) = Opv'i + ... + Opv'„ 

where f • is an element of M such that f • = a{ui) mod p°'N. On the other 
hand, there exists an isometry 77 : M — y M such that r]{Mi) = alNi). 
This implies that a belongs to A'^^Ni, M; Mi), and thus we prove the 
claim. Next we will show that 

#(Pl(iV2,M;Mi)) = #K(iV2,M2)) 

if a is sufficiently large. To prove this, first recall that M = Mi±M2, 
and remark that 

{x e Kp^Mi I b{x, Ml) G Op} = w'^Mi. 

Hence we easily see that 

{x G M I h{Mi,x) = mod p^zu'^} = p^Mi^Mg. 
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Hence we have 

V'^{N2,M-M,) 

= {(72 : N2 (p"Mi±M2)/p"M I q{a2{x)) = q{x) modp"''+" for a; G N2}. 
Hence we have 

#(I)l(iV2,M;Mi)) 
= MW2 : N2 M2/p"M2 I qMx)) = q{x) mod for x G N2}) 

= #(^1(7V2,M2)). 
This proves the assertion. □ 



Lemma 5.1.9. (1) Assume that Kp is unramified over Qp. Let B e 
Her^(C}p). Then we have 

2m- 1 



f3p{l2k,pB)^ J] (1 _ 



i=0 



(2) Let Kp = Qp (B Qp. Let B e Herm(Op). Then we have 



2m-l 



Ml2k,pB)= Uil-p-'"^') 



i=0 



(3) Assume that Kp is ramified over Qp. Let no be even. Let B e 
Her^_*(Op). Then we have 



ra—l 



Pp{e2k.p'^B) ^Y[{i-p-'^^'^). 

Lemma 5.1.10. (1) Assume that Kp is unramified over Qp. Then we 
have 

1 

(2) Let Kp = Qp (B Qp. Then we have 

m—l 

ap{l2kAm)=\{{l-p-^'^') 
i=0 

(3) Assume that Kp is ramified over Qp. Let m he even. Then we have 

m/2-l 
i=0 
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5.2. Formal power series of Andrianov type. 

For an element T e Her^((!?p), we define a polynomial Gp{T, X, t) in 
X and t by 

m 

Gp{T,X,t) = ^ Yl 7rp(iy)i'^(^^*^)F^(°)(T[iy-i],X). 

i=0 WeGLm{Op)\Vm,i 

We also define a polynomial Gp{T, X) in X by 

m 

Gp{T,X) = Y, {Xp'^y'^''''''^\p{W)Fi''\T[W-\X). 

Moreover for an element T e Her^^p we define a polynomial Bp{T,t) 
in t by 

where = 1 or according as i is even or odd. We note that 

Gp{T, X, 1) = x-°'^^^^^^^X^'^"'-f''^"'/^^Gp{T, Xp-"^). 

Lemma 5.2.1. (1) Assume that Kp is unramified over Qp. Let Bi e 
Her^_„g(Op). Then we have 

no 

ap{ln,±pB^) = J](l - {-py)ap{pB,) 
1=1 

(2) Let Kp — Qp Q) Qp. Let Bi e ReTm-noi^p) ■ Then we have 

no 

ap{lnol-pBi) = Y[{1 - p-')ap{pBi) 

i=l 

(3) Assume that Kp is ramified over Qp. Let uq be even. Let Bi e 
}ieYrn-no,*{^p)- Then we have 

no/2 

apie„,±f-B,) = J](l -p-^')apip'-B,). 

i=l 

Proof. (1) By Lemma 5.1.8, we have 

ap(lno-Lp-Bi) = ap{lno)papipBi). 
By Lemma 5.1.10, we have 

no 
i=l 

This proves the assertion. Similarly the assertions (2) and (3) are 
proved. □ 
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Lemma 5.2.2. (1) Assume that Kp is unramified over Qp. Let T — 
Ijji-r-^pBi with Bi e Herr(Op). Then 

m+r—l 

i=0 

(2) Assume that Kp — Qp ® Qp. Let T — Im-r^pBi with Bi e 
Herr(Cp). Then 

m+r— 1 



1=0 

(3) Assume that Kp is ramified over Qp. Assume that m — r is even. 
Let T = Qru-r^p'^Bi with Bi e lieTr,*{Op). Then 

(m+r-2)/2 
i=0 

Proof. (1) By Lemma 5.1.8, we have 
We have 

Pp{i2k,T) — ap{l2k, 'i-m-r)Pp{^2k-m+r,pBi). 

Hence the assertion can be proved by Lemmas 5.1.9 and 5.1.10. Simi- 
larly the assertions (2) and (3) can be proved. □ 



Corollary. (1) Assume that Kp is unramified over Qp or Kp — Qp® 
Qp. Let T — Q^_r-^pBi with Bi e Herr(Op). Then we have 

r-l 



Gp{T,Y) = l[{l-C;-'p'^+'Y'). 



i=0 

(2) Assume that Kp is ramified over Qp. Let T = 0^_r-Lp*^5i with 
Bi e }ieTr^*{Op). Assume that m — r is even. Then 

[(r-2)/2] 

Gp{T,Y)= H (i_22^+2[(-+i)/2]y2). 

i=0 

Proof. We have 

[(m-l)/2] [m/2] 

Pp{e2k, T) = Gp{T,p-'^) n (1 - p"""') n (1 - ^pp""''"')- 

i=0 1=1 

Thus the assertion follows from Lemma 5.2.2. □ 
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Lemma 5.2.3. Let B G Herm(0p). Then we have 

B'eHev^{Op)/GL^{Op) ^ 
xG(^B' p^"^ Ji^"^^ Ji[°''-'^^'^'^^ -B)— ord(det B') 

Proof. We have 

F^'^\B,X) = x^p"^~^p^^^'^^X~°^^^^'^^^^ F''°^(i?,X) 

^ j^epm-fp[m/2] ^ j|^-ord(dct B) (^|^^ ^p^-lj ^ p~»n^2^ |^ j^2^i/{det VK) 

W£GLm{Op)\n{B) 

_ ^ep'm~fp[m/2] 

X J2 J^-ord(detB)^^^,^p-m^2)^^2).(detW^) 

S'eH5™(C>p)/GL™(Op) W£GL„,(Op)\n{B',B) 

= J2 X-°"^^'^'''^">i^{GL^{Op)\n(B',B)) 

B'GH5™(C'p)/GL„(C'p) 
^pOrd(det B)-ord(det B')Q^j^t p-mj^2^ j^ord(det B)-ord(det B') 

Thus the assertion follows from (2) of Lemma 5.1.3. □ 



Lemma 5.2.4. (1) Assume that Kp is unramified over Qp or Kp = 
Qp © Qp. Let T = Im-r-Lp-Bi with Bi G Herj.(Cp). Then we have 

m—l 

Bp{T,t) = l[{i-^;^^^p^^V). 

i=r 

(2) Assume that Kp is ramified over Qp. Let T = Om_,.±p**'i?i with 
Bi G Herr_^,(Cp). Then 

[(m-2)/2] 

BpiT,t)= H (l_22^+2[(m+l)/2]^2)^ 

j=[(r-l)/2]+l 

For a non-degenerate semi-integral matrix T over Op of degree n, 
put 

w 

This type of formal power series was first introduced by Andrianov [A] 
to study the standard L-functions of Siegel modular forms of integral 
weight. Thus we call it the formal power series of Andrianov type. (See 
also |Boc86j . [KKlOa] .) The following proposition can easily be proved 
by (1) of Lemma 5.1.3. 
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Proposition 5.2.5. Let T G Herm((9p). Then we have 

E Fp \B, X)ap{T, B) ^^j.^^^^^^^ _ ,ord(det T)q (rp y ^-m.\ 

BGHer^(Op) 

Let ?^(W('")(A),r('^)) be the Hecke rina; associated with the Hecke 
pair (W('")(A), Then U{U^'^\A), T^™)) acts on A^aK^^'^HQ) W^'^HA), det 

as in [MS]. We call an element F of A^aK^^^^Q) W^^^A), det"') a 
Hecke eigen form if it is a common eigefunction of all Hecke operators 
T in H(W('")(A),r(™)). Then for each r e GL„(A) n ]\pM^{Op), let 

/ r"^ \ 

Ai7(r) be the eigenvalue of /C ( ^ 1 /C with respect to F, and 

define a Dirichlet series F) by 

%{s,F)= Yl AHr)|detr|l, 

where | detr|A = Hp I detrp|xp for r = (r^) e G'L^(A) n UpMmiOp). 
Then there exists an Euler product Z{s, F) such that 

m 

^s, F) = l[ L{2s + x'-')2{s, F). 

i=l 

We then put 

L{s, F, St) =Z{s + m- 1/2, F), 

and call it the standard L-function of F in the sense of Shimura. We 
note that our standard L-function coincides with that in |Ike08] up to 
Euler factors at ramified primes. 

Now we define the Eisenstein series on U^^'^A) and consider its 
standard L-function in the sense of Shimura. Let V be the maximal 
parabolic subgroup of U^"^'"^^ defined by 

n^) = {7 = (g^)eW("^'"^)(/2)} 

for any Q-algebra R. Write an element g = (g^) E U^'^\A) as 
with ii'^o'Z)) ^ np<oo'^(Qp) aiid (Kp)p<oo e /C, and define the 

V V / / p<oo 

function on U^^\A) by 

^2i{g) = n I det{dpdp)\-^j{g^,i)-^\detg^y. 
p 

We then define the normalized Eisenstein series as 

m 

E^-\g) = 2-l[L{^-2l,r-') Yl ^^Kt^?)- 

*=i 7eP(Q)\W('")(Q) 
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We note that Eg^'' is written as 

p(m) _ ,cW c(2) c{h) -A 

where 

m 

S^^jZ)=2--l[L{j-2l,r-') idetgyj{g,Z)-'^ 
i=i 9e{ranv{Q))\ra 

for a = 1, h. Now put 

m 

Y[{{1 - p-"'+^'-^XH^){l - p-'^+^'-^X-H^)}-' if iTp/Qp is unramified 

i=l 

m 

m 

JJ{(1 - p-™/2+i-i/2xt)(i - p-'"/2+^-i/2x-ii)}-i if i^p/Qp is ramified 

V i=l 

Then by a careful analysis of the proof of [Proposition 13.5, |Ike08] ]. 
we obtain 

Proposition 5.2.6. Then'E^i is a Hecke eigenform m M21 {U^""^ (Q) yZ^^'") (A) , det"') , 

and its standard L-function C{s,'E^^\st) in the sense of Shimura is 
given by 

Remark. By Proposition 5.2.6 combined with the argument as in 
the proof of [Thorem 18.1, [IkeOSj ], we see that Lift'^'^\f) is a Hecke 
eigenform and that its standard L-function in the sense of Shimura is 
given by 

m 

WL{s + k + n-i + 1/2, f)L{s + k + n-i + 1/2, /, x)- 

i=l 

Theorem 5.2.7. LetT be an element of HeimiOp)^ . Then we have 
Sp{T,X,t) = 5p(T,p-™/2t)Gp(T,X,t)£„,p(X,p™/2-i/2^)_ 

Proof. Take an element T G }leTm{0)~^ such that T ~gl™(c'p) T. Then 
we have 

Sp{f,X,t) = Sp{T,X,t) 

and 

Bp{f,p-^/H)Gp{f,X,t) = Bp{T,p-"^/H)Gp{T,X,t). 
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Write Sp{f,X,t) and Bp{f,p-"'/H)Gp{f,X,t)C^^p{X,p"'/^~^/H) as 

oo 

Sp{f,X,t) = Y,r^{X)t\ 

and 

oo 

Bp{f,p-"'/H)Gp{f,X,t)C^,p{X,p^^/'-'/H) = J2s^{x)t\ 

Then ri{X) and Si{X) are polynomials in X and X~^. For a positive 
integer / and A G Herm(C)''', let C2i,m{A) denote the A-th Fourier 
coefficients of f^glLl^)' 

G2i,m{As) = Yl ll'^,{W)c2i,m{MW-']){detWf{NK/Q,{d^t 

W€GL„,iO)\Mm{0)x q 

Then by Proposition 5.2.6 and [Theorem 20.7, Shimura |ShOOj ]. we 
obtain 

J2 C2UD~'f[V])idet V)-^\NK/Qidet 1^))^+- 

yeAf™(C')x/GL„(0) 

= G2UD-'f, s) n B,{f, g-/2-i/2-s) 
g 

for infinitely many positive integers /. As stated in [IkeOSj . C2i,m{A) is 
given by 

C2UA) = b{A)t"'/'l[F,{A,p'-^/') 

q 

for A G Y{eirn{0)^ . Hence putting t = p-^'+Ws^ g^^^ comparing the 
p-factors on the both hand-sides of the above formula, we obtain 

Sp{f, t) = Bp{f, p-'^/h)Gp{f, p™/2-l/2^) 

for infinitely many positive integers /. This implies that rj(p^'+™'/^) = 
Si{p~^^'^^'^) for infinitely many positive integers /. Hence we have ri{X) = 
Si{X). □ 

Now by Theorem 5.2.7, we can rewrite Hm,p{do, X,Y,t) in terms 
of Gp{B' ^p-^^'+^y^Y), Bp{T,p''/^'H'^) and Gp{T,X,t'^) in the following 
way: For do G put 



J'mAdo) = [jlieTm{p'doNK,/Q,{0;),Op) 

1=0 

and define a formal power series Rm{dQ, X, Y, t) in t by 



Rm{do,X,Y,t) — ^ — ^ 
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Theorem 5.2.8. We have 

Proof. We note that Hm,p{do, X,Y,t) can be written as 
Hence by Lemma 5.2.3 and Proposition 5.2.5, we have 



H^,,{do, X, F, t) = Y'r>m-Ulm/2] J2 



ap{B) 

B'eRcvmiOp) 

Let B,B' G B.eim{Op), and assume that ap{B',B) ^ 0. Then we note 

that B G Tra,p{d^ if and only if B' G J-m,p('^o)- Hence by Theorem 
5.2.7 we have 

n ( n' n-mv2'iV-2ord(detB') 

Y-^^-^h\ml2\E^^^{d,, X, Y,t)^ \m 

F^^\B,X)ap{B\B) ^^^^^^^ 

n ( n' „-mv2^V-2ord(detS') 

B'eJ'mAdo) 

E GpjB', X,p~'^Yt) ^^^-l^,ord(detB') 

B'e.F^,p(<io) 

□ 
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5.3. Formal power series of modified Koecher-Maass type. 

Let r be a positive integer, and (Iq G Z*. We then define a formal 
power series Pr{d(),X,t) in t by 

This type of formal power series appears in an explicit formula of the 
Koecher-Maass series associated with the Siegel Eisenstein series and 
the Ikeda lift (cf. |IK04] . |IK06] .) Thus we call this the formal power 
series of Koecher-Maass type. To prove Theorems 5.5.2 and 5.5.3, the 
main results of Section 5, we define a formal power series Pr{do, X, Y, t) 
in t by 



The relation between Pr{do, X, Y, t) and Pr{do, X, t) will be given in 
the following proposition: 



Proposition 5.3.1. (1) Assume that Kp is unramified over Qp. Then 

r 

Prido, X, Y, t) = Prido, X, tY-') - tV"'-'"*"'^- 

i=l 

(2) Assume that Kp = Qp © Qp. Then 

r 

PMo, X, Y, t) = Prido, X, tY-') - t V'-i+O'- 

i=l 

(3) Assume that Kp is ramified over Qp. Then 

r 

Prido, X, Y, t) = Prido, X, tY~') - t V'-l+O. 

2=1 

Proof. First assume that Kp is a quadratic extension of Qp. For each 
non-negative integer i <r put 



PrAdo.x,t)= y: e 

Then by (2) of Lemma 5.1.3 we have 

P f, Y,^- ^ Fi'\x,B')apiB',B-i) 

Pr,ido,X,t)- ^ ^ 

B&Tr,p{do) B'GHer,.{Op) 
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^p-(ord(det B)-ord(det B'))^ord(det B) 

Let B, B' G Herr((9p), and assume that ap{B', B; i) ^ 0. Then we note 
that B G J-'r,p{do) if and only if B' G J-'r,p{do). Thus by (1) of Lemma 
5.1.3 we have 



Fp^^ {B', X) ord(det B') .ord(detB)^^p(:5j_^i|) 

ap{B') ^ ^ ap{B) 



ord(det B') \ ^ #( 
B'eJV,p(do) ^ BeHer^(Op) 

E^f\B\X)_ oTd{det B')^ord(det S') /i-r) .f/rj-n^* 

where e = 2 or 1 according as Kp/Qp is unramified or ramified. By 
using the same argument as in the proof of Lemma 3.2.18 of Andrianov 
[A], we have 

Hence we have 

Pr,i{do, X, t) 

^ MP^ (.-r.ei 

B'eTrAdo) 



<t>i{P^)<t>r-i{P^) 

Then we have 

Pr{do,X,Y,t) 

r 

Hence we have 

r 

= Prido, X, tY-') J](l - i V^-'-l+^)). 

i=l 

Next assume that Kp = Qp © Qp. For a pair i = (^1,^2) of non- 
negative integers such that ii,i2 < r, put 

p,,(d.,x,i)= ^ j^r(fl[w^-'i-y) fo,d(...B) 
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Then by using the same argument as above we can prove that 

PrAd0,X,t) = y Pr{do,X,t){tp-T^''. 

(f)i^ {p)(j)r-n [P) (Pi2 (P)0r-i2 [P) 

Hence we have 

Prido,X,Y,t) 

r r 

_ ^ y^^(^_iyi+i2pii{ii+l)/2+i2(i2+l)/2^p-r-1^2yi+i2 
n=0 12=0 

Mp) Mp) pf^^^ 

r 

This proves the assertion. 

□ 

Let 

oo 

J'm,pAdo) = \J{^rr^{p'd^NK,ici,{Ol), Op) n Her^,,(Op)). 

i=0 

Now we consider a partial series of Pr{do, X, Y, t). We put 

Qr(do,X,Y,t) 

E Gpjp^^B', ^, X, tY) / y_ixord(detpB') 

B'ep-*PJ^,p(do)nHer^,,(C>p) 

To consider the relation between Pr{dQ^X^Y^t) and Qr(c^o, -'^j 
and to express R„i{dQ, X,Y,t) in terms of Pr{dQ,X,Y,t), we provide 
some more preliminary results. 

First assume that Kp is unramified over Qp or = Qp © Qp. Let 
be a function on Her^(Op)^ satisfying the following condition: 

Hm{lm-r^pB) = Hr{pB) for any B e Herr(Op). 

Let do £ Z*. Then we put 

r)fr/n H r f\- \^ -^m(lm-r-LpP) ord(det(pi?)) 

Sep-iJ-r,p(do)nHcr,(Cip) PV m r y 

Next assume that Kp is ramified over Qp. Let be a function on 
Her^(Cp)^ satisfying the following condition: 

Hmi^m-r^P^^B) = Hr{p^pB) for any B e Herr^*(C)p) if m — r is even. 
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Let do G Z* and m — r be even. Then we put 

Tnen by using the same argument as in the proof of [ |KK10b] , Propo- 
sitions 5.3.4 and 5.3.5], we obtain 



Proposition 5.3.2. (1) Assume that Kp is unmmified over Qp or 
Kp = Qp © Qp. Then for any do G Z* and a non-negative integer r 
we have 

ni^ u +\ Q{do,Hr,r,t) 
Q{do,H^,r,t) = — — . 

(2) Assume that Kp is ramified over Qp. Then for any do G Z* and a 
non-negative integer r such that m — r is even, we have 

Q{do,Hr,r,t) 



Q{do,Km,r,t) 



0(m-r)/2(p 



Now to apply Proposition 5.3.2 to the formal power series Rm,{dQ, X, Y, t) 
and Qr{do, X, Y, t) we give some more lemmas. 

Lemma 5.3.3. Let m be an integer. 

(1) Assume that Kp is unramified over Qp or Kp = Qp(B Qp. Then for 
any integer such that r < m, and B' G Herr((9p) we have 

Gp{l^.r^pB\X,t) = Gp{pB\X,t). 

(2) Assume that Kp is ramified over Qp. Then for any non-negative 
integer r such that m — r is even, and B' G Herr,*(0p), we have 

Gp{Qm^r^p''B',X,t) = Gp{p'-B',X,t). 

Proof. We have 

Gp{lm-r,d^pB',X) = Gp{pB',X) 
for B' G HeiriOp). Hence by Corollary to Lemma 5.2.2 we have 

for B' G HeiriOp). Thus the assertion (1) follows from (1) of Lemma 
5.1.4. The assertion (2) can be proved in a similar way. □ 



Let Rm{do, X,Y,t) be the formal power series defined at the begin- 
ning of Section 5. We express Rjn{do, X, Y, t) in terms of Qr{dQ, X, Y, t). 
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Theorem 5.3.4. Let do e Z;. 

(1) Assume that Kp is unramified over Qp or Kp = Qp Q) Qp. Then 

(2) Assume that Kp is ramified over Qp. 
(2.1) Let m he odd. Then 



nm[ao,y^,y,t) — > — — 

0(m-2r-l)/2(p-2) 



xQ2r+l{do,X,p-^/Xp-"'/H). 

(2.2) Let m he even. Then 

^ n''"Vl - n2«y2\ n™/^n - „-2m+2iy2|2\ 

i?.(do, X, 1^, t) = E ^^^^^^ ! 2/ — ^ 

^ 0(m-2r)/2(p 

xQ2r{.do,X,p-^/''Y,p-^lH). 

Proof. (1) Let S be an element of Herr(Op). Then we note that Im-r-^pB 

belongs to Tm,p{do) if and only if 5 G p~^J>,p((io) nHerr(Cp). Thus the 
assertion (1) follows from Lemmas 5.2.2, 5.2.4, and 5.3.4, and Propo- 
sition 5.3.3. 

(2) Let B be an element of }lcTr{Op). Let m—r be even. Then wc note 

that 0m-r-Lp*^-B belongs to ^m,p{do) if and only if B e P^'^^rA^o) ^ 
Herr,*(Op). Thus the assertion (2) can be proved similarly to (1). 
Similarly the assertion (2) can be proved. □ 



Now to rewrite the above theorem, first we express P^fni^do, X, Y, i) in 
terms of Qr{do, X, Y, t). 

Proposition 5.3.5. Let do e Z*. 

(1) Assume that Kp is unramified over Qp or Kp — Qp® Qp. Then 

m ^ 

Pmido, X, Y,t) = J2 T^^Qrido, X, Y, t). 

r=0 'rm-r\i,pP ) 

(2) Assume that Kp is ramified over Qp. 
(2.1) Let m be odd. Then 

(m-l)/2 ^ 

Pm{do, X,Y,t) = y Q 2r+l{do, X,Y,t). 

nm-2r-l)/2{P ^) 
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(2.2) Let m be even. Then 

Pmido, X,Y,t) = y :r-Q2rido, X,Y,t). 

Proof. The assertion can be proved in a way similar to Theorem 5.3.4. 

□ 

Corollary. Let do be an element of Z*. 

(1) Assume that Kp is unramified over Qp or Kp = Qp © Qp. Then 

^' ^ ^ j^^mp(m— m^)/2 ^ 

Qr{do, X,Y,t) = y -— — Pr-mido, X,Y,t). 

(2) Assume that Kp is ramified over Qp. Th 

m=0 



en 



Q2r+l{do, X, Y, t) — , / _2\ 

l-2m {do,X,Y,t), 

m=o f^yP I 

and 

Q2r{do, X, Y, t) = , / _2\ P2r-2m{do, X, Y, t) . 

Proof. We can prove the assertions by induction on r. 



The following lemma follows from [ |IK06j . Lemma 3.4] 



□ 



Lemma 5.3.6. Let I be a positive integer. Then we have the following 
identity on the three variables q, U and Q : 

I 

J](l - U-'Qq-''+')U' 

i=l 

I , / l—m m 

= E (!-iu n(i-g^-"')n('-^^-')(-i)"^""-'°''^'- 

Theorem 5.3.7. Let the notation be as in Theorem 5.3.5. 

(1) Assume that Kp is unramified over Qp or Kp = Q,p ® Qp. Then 

Rmido,X,Y,t) 

(pm-ii^pp-^) 

(2) Assume that Kp is ramified over Qp. 
(2.1) Let m be odd. Then 

(m~l)/2 

Rm{do,X,Y,t)= J2 P2i+i{do,X,p-"'/Xp~"'^'t) 

1=0 



X 
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(P{m-2l-l)/2\ 

(2.2) Let m be even. Then 

m/2 



1=0 



X 



(^2iy2)(m-20/2 J-jJ^^^^ _ ^2iy2) ^1^^-21)12^^ _ ^-2l-m-2i^2^ 



(t>[m-2l)/2{p ^) 

Proof. (1) By Theorem 5.3.4 and Corollary to Proposition 5.3.5, we 
have 

i?„(rfo,xr,t) 



r=0 

m/2 

Then the assertion (1) follows from Lemma 5.3.6. 

(2) The assertion can be proved in the same manner as above. 

□ 

5.4. Explicit formulas of formal power series of Koecher-Maass 
type. 

In this section we give an explicit formula for Prn(c^o, X, t). 

Theorem 5.4.1. Let m be even, and do e Z*. 

(1) Assume that Kp is unramified over Qp. Then 

^"^^'^"'^'^^ ^ <i>mi-p-')nT=ii^-t{-p)-^x){i-t{-p)-^x-^y 

(2) Assume that Kp — Qp® Qp. Then 

^-^'^'^^^^^ = Mp-')UT=ii^-tp-^x)ii-tp-^x-^y 

(3) Assume that Kp is ramified over Qp. Then 

-jmip/2 



Pm{do, X, t) 



20m/2(p ^) 
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1 , XK,{{-ir"d,) 



+ 



Theorem 5.4.2. Let m be odd, and do G Z*. 

(1) Assume that Kp is unramified over Qp. Then 

^-^'^''^'^^ = M-p-') nr=i(i + ti-p)-^xKi + t(-p)-x-i) • 

(2) Assume that Kp = Qp © Qp. Then 

^'"^'^"'^''^ ^ <Pm{p-')UT=ii^-tp-^x){i-tp-^x-^y 

(3) Assume that Kp is ramified over Qp. Then 

j.{m+l)ip/2+52p 

Pmido, X, t) 



20(„^-i)/2(p-2) n,&'^^'(i - tp~^'+^x){i - 

To prove Theorems 5.4.1 and 5.4.2, put 
KUdo,X,t)= J2 

Proposition 5.4.3. Let m and do be as above. Then we have 
PUdo, X, t) = X^^'^-^'^/^^f^Kmido, X, t) 
n^i(l - t2xy*-2-2m)-i if ^^/Q^ ig unramified 
n:^i(l - tXp*-i-™)-2 if iTp = Qp © Qp 
YlZii^ - tXp'-^-"")-^ if Kp/Qp is ramified. 



Proof. We note that B' belongs to B.eTm,p{do) if B belongs to B.eTm-i,p{do) 
and ap{B', B) ^ 0. Hence by Lemma 5.2.3 we have 

Pm{do, t) 

^ Xmep-[mmu V ^ V ^ p{B\ p'^ X^)X~^^''^^') ap{B' , B) 
^ ap(B) ^ aJB') 

^ j^ord(det B)-ord(dct B')^ord(dct B) 
_ x^mep-[m/2]/p Gp{B',p ""X^) . y-Uord(B') 

^ MB') ^ ' 

B'eTm.pido) 

ap{B',B) 

(. T^\ord(det _B)-ord(det B') 

BeTm,p{do) 

Hence by using the same argument as in the proof of [ |BS87] . Theorem 
5], and by (1) of Lemma 5.1.3, we have 

^ ap{B',B) 

^^ji^^ord(det B)-ord(det B') 

BeTm,p(do) 
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W€Mm{Op)x /GL„,{Op) 

( nt^(l -^^^V'~^"^")"^ if iTp/Qp is unramified 

= { n:^i(i - txf-'-n-' if = Qp © 

[ nili(l -i^P'"^"'")"^ if /sTp/Qp is ramified. 
Thus the assertion holds. □ 



In order to prove Theorems 5.4.2, we introduce some notation. For 
a positive integer r and c/q G let 

Udo,t)= Yl 

We make the convention that (Q{dQ,t) = 1 or according as G Z* 
or not. To obtain an explicit formula of Cm{do,t) let Zm{u,d) be the 
integral defined as 



Zm,*iu,d)= J |detx|* "^dx, 



where u = p'"^, and dx is the measure on Herm(-ft'p) so that the volume 
of Herm(Cp) is 1. Then by Theorem 4.2 of [Sa97j we obtain: 

Proposition 5.4.4. Let d^ G Z*. 

(1) Assume that Kp is unramified over Qp. Then 

(2) Assume that Kp = Qp © Qp. Then 

(3) Assume that Kp is ramified over Qp. 
(3.1) Letp^ 2. Then 

Zm,*{u,do) = ^(p"\p"^)[(m+l)/2] 

if m is odd, 



XifJ(-l)™/2<io)p-'"/2 



H ^-^^ I if m is even. 



(3.2) Let p = 2 and /2 = 2. T/ien 

Zm,*{u,dQ) = ^(p"\p"^)[(^+i)/2] 
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„('"+l)/2 



X 



if m is odd, 



u I V ^'^[ „/o ^ , ^^—-70 — — II m IS even. 



(3.3) Ze^ p = 2 and /2 = 3. T/ien 

Zm,*{u,do) = ■^{P~^,P~'^)[(m+l)/2] 

u 

j-j(^+l)/2(^_p2,-2„) 



if m is odd, 



p i mil ^^-1^772 if m IS even. 

Proof. First assume that is unramified over Qp, i^p = Qp © Qp, 
or Kp is ramified over Qp and p 7^ 2. Then Zm,*{u,do) coincides with 
Zmiujdf)) in [ |Sa97j . Theorem 4.2]. Hence the assertion follows from 
(1) and (2) and the former half of (3) of [Loc. cit]. Next assume that 
p = 2 and /2 = 2. Then Zm,*(u, do) is not treated in [Loc. cit]. but we 
can prove the assertion (3.2) using the same argument as in the proof 
of the latter half of (3) of [Loc. cit]. Similarly we can prove (3.3) by 
using the same argument as in the proof of the former half of (3) of 
[Loc. cit]. 

□ 

Corollary. Let do G Z*. 

(1) Assume that Kp is unramified over Qp. Then 

1 1 



(m(ydo, t) 



(2) Assume that Kp = Qp (B Qp. Then 

1 1 

Cm("0) tj — 



(3) Assume that Kp is ramified over Qp. 
(3.1) Let m be even. Then 

20m/2(P"^) 

, XK,{{-ir'^do)p-^'^'^ 



where 




1 if p ^ 2 

^m/2p-m(m+i)/2 if p = 2 and /a = 2 

p~"^ if p = 2 and /a = 3 
(3.2) Let m be odd. Then 

m{m+l)fp/2-m'^S2,p 1^ (f\ 1 

/- f\ _ P 

°' ^ 2<Pim-l)/2{p-') Ut:'^^\l-p-''^'t) 
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where 

( 1 iipy^2 
Kp{t) = I t{m+i)/2p-m{m+i)/2 if p = 2 and /a = 2 

[ tp-"" if p = 2 and /2 = 3 

Proof. First@assume that Kp is unramified over Qp. Then by a simple 
computation we have 

Kip-') ■ 

Next@assume that -f^p = Qp ® Qp. Then similarly to above 

Finally assume that Kp is ramified over Qp. Then by a simple compu- 
tation and Lemma 4.1 

mim+l)fp/2-m'^52,p V (n~"^f Hn) 

Thus the assertions follow from Proposition 4.4. 

□ 

Proposition 5.4.5. Let do e Z*. 

(1) Assume that Kp is unramified over Qp. Then 

K„,{do,X,t) 

(2) Assume that Kp = Qp © Qp. Then 

K^{do,X,t) 

(3) Assume that Kp is ramified over Qp. Then 

Km{do,X,t) 

^ 0(m-2r)/2(p 

if m is even, and 

Km{do, X, t) 

if m is odd. 
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Proof. The assertions can be proved by using the same argument as in 
the proof of [ |KK10b] . Proposition 5.4.4]. □ 

It is well known that #(Z;/iVj^p/Q^(C;)) = 2 if Kp/Qp is ram- 
ified. Hence we can take a complete set Afp of representatives of 
mNK,/Q,{0;) so that Afp = {l,eo} with xk,{^o) = -1- 

Proof of Theorem 5.4.1. (1) By Corollary to Proposition 5.4.4 and 
Proposition 5.4.5, we have 

LT Y i\ - ^ Lm{do,X,t) 

K^[do,x,t) - ^^^^^^ ^ (-lyp-^x-H) ' 

where L^ido, X,t) is a polynomial in t of degree m. Hence 

p X f\ = ^ L^{do,X,t) 

°' ' ^ M-p-') nr=i(i + i-iyp-'x-H) uT=ia-p-''XH^y 

We have 

F{B,-X-')=FiB,X) 

for any B G Fp^\B,X). Hence we have 

Pm{do,—X ^ ,t) = Pm{do, X,t), 

and therefore the denominator of the rational function Pm{do, —X~^,t) 
in t is at most 

m m 

Y[{i + i-iyp-^x-H) + i-iyp-'xt). 

i=l i=l 

Thus 

^"^^"^"'^'^^ ^ M-p-') nr=i(i + i-iyp-^x-H) nr=i(i - i-iyp-^xty 

with some constant a. It is easily seen that we have a = 1. This proves 
the assertion. 

(2) The assertion can be proved by using the same argument as 
above. 

(3) By Corollary to Proposition 5.4.4 and Proposition 5.4.5, we have 

KUd,X,t) 

= y ii^=0U P ^ ^ p-4vrVx-lt)("/^+'-)'^C2r((-l)"/'~^'^,X-4) 
^ 0m/2-r(P"2) 

m/2 ^ 

1 , Xx,((-l)"/'t^o)p-^'- 



X 



uua-p-''^'x-H) u:=ia-p-''x-H) 



ON THE PERIOD OF THE IKEDA LIFT FOR U{m,m) 47 

Thus we have 

m/2 

PMx,t) = Yl \ .. p-'^^^'-'ix-HY 

1 , XK,ii-^y"''<Jo}ir"'' 



For Z = 0, 1 put 



2 

deMp 



Then 

L(o)(X,t) 



and 

' ^ 20^/2(^-2) Yi^j^(i - p-^^x-H) n:=i(i - p-'xt) 

with some polynomials L*^'')(X, t) and t) in t of degrees at most 

m. Then by the functional equation of Siegel series we have 

P^{d,X-\t) = XKp{{-ir'^'d)Pm{d,X,t) 

for any d G Afp. Hence we have 

P^\x-\t)^pj^\x,t). 

Hence the reduced denominator of the rational function Pm^ {X, t) in t 
is at most 

m/2 m/2 

llii-p-''^'x-H)ll{i-p-''xty 

i=l 1=1 

and similarly to (1) we have 

^^^^^'^^ ^ ^<i>m/2{p-') nrii'(i - P-'^^'x-H) nrii'(i - P-^^xt) ■ 

Similarly 

^^'^^^'^^ ^ 20m/2(p-^) nrii'(i - p-''x-H) nrii'(i - ' 

We have 

Pm{do,X,t) = Pj^\X,t)+XKp{i-ir^'do)P^\X,t). 

This proves the assertion. 

□ 
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Proof of Theorem 5.4.2. The assertion can also be proved by using 
the same argument as above. □ 

5.5. Exphcit formulas of formal power series of Rankin-Selberg 
type. 

We give an explicit formula for Hm{d,X,Y,t). First we remark the 
following. 

Proposition 5.5.1. Let d E . Then we have 

Xl^p{d,X,Y) = K^,,{d,X,Y). 
Proof. Let / be the left-hand side of the above equation. Let 



GLm{Op)i ^{X e GLm{Op) I detXdetX = 1}. 

Then there exists a bijection from }ieTm{d, Op)/GLm{Op)i to 
R^Tm{dNK,/ci,iO;),Op)/GLm{Op). Hence 

^ Fi'\A,X)F^"\A,Y) 
a (A) 

Now for T G llcr,n{d, Op), let / be the number of 5'Lm(0p) -equivalence 
classes in }ieYm{d,Op) which are GLm(0p)-equivalent to T. Then it 
can easily be shown that / = Ip^T- Hence the assertion holds. □ 

Theorem 5.5.2. Let m = 2n be even, and rfo G Z*. 

(1) Assume that Kp is unramified over Qp. Then 

nSi(i-(-p)-'"-^^') 



H2n(do,X,Y,t)^ 



02n(-P"^) 

1 



X 



1 



n2i(i - i-p)-^''+'-^x-^Yt){i + {-p)-^^+i-^x-^Y-Hy 

(2) Assume that Kp = Qp Q) Qp- Then 

H2n{do, X, Y, t) — 7 — - — — 

1 

^ n?=i(l - p-^''+'-^XYt){l - p-^^+i-^XY-H) 

1 



X- 



UlZiCi- - P~^''^'~^X''^Yt){l - p-^^'+i-^X-^Y-H)' 
(3) Assume that Kp is ramified over Qp. Then 

flip _p-2n-2j^2^ 

H2n{do, X, Y, t) = — — , _„s 

2 (pniP ^) 
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1 



Proof. First we prove (1). By Proposition 5.3.1 and Theorems 5.3.7 
and 5.4.1, we have 

2n 2n-l I 
1=0 i=l 1=0 

M-p) n-=i(i - t{-p)-^XY-^){i + t(-p)-x-iy-i) ■ 

Hence R2n{do, X, Y, t) can be expressed as 

R2n{do,X,Y,t) 

^ I]!:,{l-i-p)-'''-'t')S{X,Y,t) 

<p2n{-p) n?=l(l - t{-p)-^-+i-^XY-^){l + ' 

where S{X,Y,t) is a polynomial in t of degree at most An. Then by 
Theorem 5.2.8, we have 

H2n{do,X,Y,t) 

02n(-p) n?=l(l - t(-p)-^-+i-^XY-^)(l + 

1 

^ n?=l(l - t2p-^"+2'-2X2r2)(l _ ^2p-4n+2i-2J^-2y2-) ' 

Recall that we have the following functional equation 

H2n{do,X,Y-\t) = H2n{do,X,-Y,t). 

Hence the reduced denominator of the rational function H2n{do, X, Y~^,t) 
in t is at most 

2n 

JJ{(i - ti-p)-^"+'-^XY-^){i + 

i=l 

x(i + t(-p)-2"+*-ixr)(i 

and therefore we have 



H2n{do,X,Y,t) 



<p2n{-p) 

1 



Kill - t(-p)-2-+iXF-i)(l + t(-p)-2"+*X-iF-i) 

1 

^ n?=i(i + t{-p)-^^+i-^XY){i - t(-p)-2"+i-ix-iy) 

with some constant c. We easily see that we have c = 1. This proves the 
assertion (1). Similarly the assertions (2) and (3) can be proved. □ 
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Corollary. Let m = 2n be even. Assume that Kp is ramified over Qp. 
Then we have 

H2n{d, X, Y, t) = \{Hf}{X, F, t) + xx,((-l)"rf)i/£Hx, F, t)), 



where 

H^^{X,Y,t)^t^^^ 



X 



and 



1 



0n(p-2) 
1 



X: 



nr=i(i - p~^''-^'x-^Yt){i - p-2"-2ixy-i^) ■ 

Similarly to Theorem 5.5.3, we have 
Theorem 5.5.3. (1) Assume that Kp is unramified over Qp. Then 



H2n+l{do, X, Y, t) 



1 



X- 



n£r(i + + {-p)-^^+^-'XY-H) 

1 

nii(i + {-p)-^''+'-^x-'^Yt){i + (-p)-2"+i-2x-iy-ii)' 

(2) Assume that Kp = Qp (B Qp- Then 
H^^^Mo, X, Y, t) = 2 

1 

^ — r2n+l/ 



X- 



1 

(3) Assume that Kp is ramified over Qp. Then 

T-rn+l/-| _ -2n-2i^2\ 

H,^^^{do, X, Y, t) = 11^=1^-^ P 



X- 



- p-'^''^'^'-^XYt){l - p-'^^+'^i-^X-^Y-H) 
1 



X 



(1 _ p-2n+2j-3X-lri)(l - p-2n+2i-ZXY-H) ' 
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6. Proof of the main theorem 

Theorem 6.1. Let k and n be positive integers. Let f be a primitive 
form in @2fc+i(-^o(-D), %)• For a subset Q of Qd and a positive integer 
i put 

M{s,f,Ad,x'-\xQ) 



X 11(1 - aix(pyp-%i - %\(pyp-%i - x'-\p)p-r}-'- 

p&Q 

Then, we have 

R{s I2 (/)) = £)2n(s-2fc)+2nfe-n(2n+l)/2-l/22-2n 

2n 2n-l 

1=2 i=0 
2n 

X E XQ{{-lT)J[M{s-2k-2n-riJ.M,x'-\xQ)}- 

QeQd j=l 

Proof. For a while Xp{d) — A^_p(d, ctp, ctp). Then by Theorem 4.4, we 
have 

R{S, hnif)) = fl2n,k,D E 11 Ap(rf)ci-^+''+'"-^ 

d p 

Then by (1) and (2) of Theorem 5.5.2, Xp{d) depends only on if 

p f D. Hence we write Xp{d) as Xp{p°^'^p'^''-^). On the other hand, iip\ D, 
by Corollary to Theorem 5.5.2, Xp{d) can be expressed as 

Xp(d) = Af(d) + XKA{-irdp-°"'^^'^)X^^\d), 

where Xp\d) is a rational number depending only on p"'^'^''^'^'' for / = 0, 1. 
Hence we write Xp\d,) as Xp\p°^'^'''''^^). We note that we have 

am{f;d)= n KiP''"''^''^)ll^^'>(P''''''^'^^ 

Q£Qd p\d,p\D qeQ 
p\d,p\D,p^Q q€Q q\d,qeQ 

for a positive integer d. We also note that for a subset Q of we have 

qeQ 

for an integer m coprime to any q E Q. Hence we have 

CO 

QcQd p\D 1=0 
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oo oo 

p\D,p^Q 1=0 peQ i=0 

QcQd p\d 

p\D,p^Q peQ 
Now for 1^0,1 write H^^lp{X, Y, t) as 

where ip = or 1 according as 4:\\D or not. Hence we have 

peQ^ QcQd 

p\D,p^Q peQ 
where Q'j^ = (5d\{2} or according as 4||£) or not. Note that 

2CDn{~s+2k+2n) H^^^, p{-s+2k+2n)n ^ jj{-s+2k+2n)n _ rj.^^^ ^-^^ aSSertion 

follows from Theorem 5.5.2. □ 

Theorem 6.2. Let k and n he positive integers. Given a primitive 
form f e @2fe('S'L2(Z)). Then, we have 

R{s hn+iif)) — i:)(2"+^)(*~2'=+^)+(2'=~^)"~(2"+^)("+^)/2~^/22~^"~-^ 

2n+l 2n 
X^-(n+l)(.-2fc-2n) J-l- ^^-^ ^i^ "Q - - i, 



i=2 i=l 

2n+l 

X 

1=1 



Yl L{2s -2k-2n + i, f, Ad, x'"^)L(2s -2k-2n + i, x"~^) 



Proof. The assertion follows directly from Theorems 4.4 and 5.5.3. □ 

Lemma 6.3. Let f be a primitive form in @2fc+i(-n)(-D), x). Suppose 
that fq — f for Q <Z Qd- Then for a positive integer i we have 

M{s, f, Ad, x'-\ Xq) = L{s, /, Ad, x'~')L{s, x'-')- 

Proof. For a prime number p let Mp{s) and Lp[s) be the p-Euler fac- 
tor of M(s, /, Ad, Xq) and L(s, /, Ad, x )L{s, x'~^), respectively. 
Then by definition, Mp(s) = Lp{s) ii p E Q. Moreover, Mp{s) — Lp{s) 
if p ^ Q and Xq{p) — 1- By the assumption we have 

Xq(p)c/(p) =c/(p). 
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Since / is a primitive form, we have Cf{p) ^ for p\D. Hence we have 
Mp{s) = Lp{s) lip ^ Q and p\D. Suppose p \ D and Xq{p) = ~1- Then 
Cf{p) = and hence ap + x{p)(^p^ = 0- Then by a simple computation 
we have 

Mpis) = il-p-'T'- 

Similarly we have 

Lp{s) = {l-p-'T'- 
This completes the assertion. □ 

Proposition 6.4. (1) Let f be a primitive form in &2k+i{ro{D) , x) , 
and Q be a subset of Qd- Then for a positive integer i > 2 the Eu- 
ler product M(s, /, Ad, Xq) '^^ holomorphic at s = i. Moreover 
M{s, /, Ad, 1, xq) has a simple pole at s = 1 if and only if f = fg. In 
this case the residue of M{s, /, Ad, 1, xq) at s = 1 is L{1, /, Ad). 

(2) Let f be a primitive form in @2fc('S'L2(Z)) and x be a primi- 
tive quadratic odd character. Then for a positive integer i > 2 the 
Euler product L{s, f, Ad, x^~^)L{s,x^~^) is holomorphic at s = i, and 
L{s, f, Ad, l)L{s, 1) has a simple pole at s = 1 with the residue L(l, /, Ad). 

Proof. The assertion can be proved by Theorem 2 of |Sh75j . 

□ 

Proof of Theorem 2.3. 

(1) By Theorem 6.1 and Lemma 6.3, we have 

2n 2n-l 

R{s, im{f)) = n ^(^' n ^(2^ -^k-i, xT' 

i=l i=0 

In 

X n - 2A; - 2n + z, /, Ad, x'-^)T{s -2k-2n + z, x''') 
1=1 

2n 

+ XQ((-l)")n^(^-2A;-2n + z,/,Ad,x^-\xQ)}. 

QsQd «=1 
fQ^f 

By (1) of Lemma 6.4, the term 

2n-l 2n 

H L{2s -4k-z, xT ' n -2k + z, /, Ad, x'-\ Xq) 

i=0 1=1 

is holomorphic at s = 2A; + 2n if fg ^ f. On the other hand, the term 

2n-l 2n 

Yl L{2s-4k-i, xT^ n L{s-2k-2n+i, /, Ad, x'~^)L{s-2k-2n+i, x'~^) 

i=0 i=l 

has a simple pole at s = 2k + 2n with the residue 

2n-l 2n 2n 

n L{4n - 1, xT' n x"') n ^"')- 

i=0 i=l i=2 
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Hence R{s, Im{f)) has a simple at s = 2k + 2n with the residue 

2n 2n-l 2n 2n 

1=2 i=0 i=l i=2 

Thus the assertion can be proved by comparing the above result with 
Proposition 3.1. 

(2) The assertion holds if m = 1. In the case m > 3, the assertion 
can be proved by Theorem 6.2, (2) of Lemma 6.4, and Proposition 3.1 
in the same manner as above. 
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